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Space-domain description Fourier characterization Generalization

1. Derivative operator D =
d

dx
j! Diff. operator

2. Discrete derivative D
d

s(x) = s(x)� s(x� 1) 1� e

�j! Num. analysis

3. Green function u(x) = D�1{�}(x) 1
j!

+ ⇡�(!) Distribution theory

4. B-spline basis '(x) = rect(x� 1
2 ) = D

d

u(x)
⇣

1�e

�j!

j!

⌘
= D̂d(!)

D̂(!)
Spline theory

5. Spline (piecewise constant) s(x) = b1 +
P

k2Z a[k]u(x� k) A(ej!)�A(1)
j!

Spline theory

6. Wavelet basis (Haar)  (x) =
d

dx
�(x) with � = '⇤' j!

⇣
1�e

�j!

j!

⌘2
This grant: WP 2.2

7. Gaussian process Brownian motion: d
dxs(x) = w(x) S(!) ⇠ 1

|!| Classical theory

8. Sparse process Compound Poisson process S(!) ⇠ 1
|!| This grant: WP 2.1a

9. Regularization functional TV(s) = kDsk
L1(R) N/A This grant: WP 2.1b

10. Key points/singularities {x
k

: |g(x
k

)| > T, g

0(x
k

) = 0}
with g(x) = D(� ⇤ s)(x)

N/A This grant: WP 2.3

ERC Grant GlobalBioIm (2016-2020)
Global integrative framework for Computational Bio-Imaging

Continuous-domain formulation: Simplified picture in 1D 

from continuum to discrete (finite dimensional)

Signal s 2 X ✓ S 0(R) (native space)

⌫ : X ! RM

Total-variation (or sparsity-promoting) regularization

sTV = arg min
s2BV(R)

ky � ⌫(s)k22| {z }
data consistency

+ �kDskM| {z }
total variation

Tikhonov (or L2) regularization

sTik = arg min
s2HD

ky � ⌫(s)k22| {z }
data consistency

+ �kDsk2L2| {z }
regularization

Linear measurement operator ⌫ : s 7! y = (y1, · · · , yM ) = ⌫(s)



Optimum (Bayesian) statistical reconstrution: MMSE

Measurement model: y = ⌫(s) + n 2 RM

• signal s 2 S 0(R): realization of a stochastic process with probability measure Ps

• discrete noise n: i.i.d. zero-mean Gaussian with variance �2

sMMSE(x0|y) = E{s(x0|y)} =

Z

R
sp(s|y)ds

) Posterior probability density function: p

�
s(x0)|y

�
for any x0 2 R

Remarkable property: 
When s is a Gaussian stochastic process: perfect equivalence with Tikhonov/
smoothing spline reconstruction

wavelet-like basis

differential
operatorcardinal spline sparse stochastic 

process

kLskp
Gaussian process

Ls = w

s(x) =
X

k

a[k] L�1
�(x� k)

 = L⇤�

description by 
keypoints(singularities)

Linear algorithms Nonlinear algorithms
regularization functional

p = 2

reproducing kernel 
Hilbert space

sparse reconstruction

compressed sensing

machine learning



Personal research project
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Choose your operator (or class of operators) and 
go through the whole construction process;
i.e., specify

- Null space
- Green’s function
- B-spline
- Stabilized inverse operator(s)
- Reproducing kernel
- Native space
- Wavelet basis
- corresponding stochastic processes
       sparse vs. Gaussian
- representer theorem(s)
- optimal (MMSE) interpolator

Symbolic/numerical computation using Mathematica
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Green’s functions:

In[118]:= Clear[x, ω];
FourierTransform[HeavisideTheta[x], x, ω, FourierParameters -> {1, -1}]

Out[118]= -
ⅈ

ω
+ π DiracDelta[ω]

In[119]:= InverseFourierTransform
1

(I ω)
, ω, x, FourierParameters -> {1, -1}

Out[119]=
Sign[x]

2

In[120]:= InverseFourierTransform
1

(I ω)2
, ω, x, FourierParameters -> {1, -1}

Out[120]=
1

2
x Sign[x]

In[123]:= rhoBrown[x_] := InverseFourierTransform
1

(ω)2
, ω, x, FourierParameters -> {1, -1}

In[124]:= GBrown[x_, y_] = rhoBrown[x - y]

Out[124]=
1

2
(x - y) Sign[-x + y]

In[128]:= RKHSWiener[x_, y_] = GBrown[x, y] - 1 * GBrown[0, -y] - 1 * GBrown[-x, 0]

Out[128]=
1

2
x Sign[x] +

1

2
y Sign[y] +

1

2
(x - y) Sign[-x + y]

Kernels for fBm

In[102]:= kernel[x_, a_, t1_] =

(1 / Gamma[a]) -HeavisideTheta[-x] (-x)a-1 + HeavisideTheta[(t1 - x)] (t1 - x)a-1

Out[102]=
(t1 - x)-1+a HeavisideTheta[t1 - x] - (-x)-1+a HeavisideTheta[-x]

Gamma[a]

In[103]:= kernel2[x_, a_, t1_] =

-HeavisideTheta[-x] (-x)a-1 + HeavisideTheta[(t1 - x)] (t1 - x)a-1  Gamma[a] -

t1 * HeavisideTheta[(-x)] (-x)a-2  Gamma[a - 1]

Out[103]= -
t1 (-x)-2+a HeavisideTheta[-x]

Gamma[-1 + a]
+

(t1 - x)-1+a HeavisideTheta[t1 - x] - (-x)-1+a HeavisideTheta[-x]

Gamma[a]

RKHS_Gauss.nb     3

Calculation of Green’s functions



Derivative operator
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L = D =
d

dx

ND = span{p1}, p1(x) = 1

Null space

u(x) = +(x): Heaviside function

D{u}(x) = �(x): Dirac impulse

Green’s function(s)

Biorthogonal system: {�1, p1} = {�, 1}

Projection operator: ProjND
{f} = h�1, fip1 = f(0)

hypothesis: f : R ! R must be continuous

Canonical solution: ⇢D(x) = F�1{ 1
j!} = 1

2 sign(x)

Derivative operator: B-spline
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Finite difference operator

B-spline of degree 0

Derivative

Dd
F ! 1� e�j!

�̂0
+(!) =

1� e�j!

j!

l

Df(x) =
df(x)

dx
D

F ! j!

Ddf(x) = f(x)� f(x� 1)

= (�0
+ ⇤Df)(x)

�

0
+(x) = DdD

�1
�(x) = Dd +(x)

1 2 3 4 5

1

�

0
+(x) = +(x)� +(x� 1)



Derivative operator: Native space (Sobolev)
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Hilbert space equipped with inner product: hf, giD = hDf,Dgi+ f(0)g(0)

Tikhonov regularization

HD = {f : R ! R s.t. kDfk2L2
< 1}

Generalization: hf, giD = hDf,Dgi+ h�1, fih�1, gi

subject to h�1, 1i = 1 (biorthogonality)

Lebesgue space of finite-energy functions:

L2(R) = {f : R ! R s.t. kfkL2

M
=

✓Z

R
|f(x)|2dx

◆1/2

< 1}

Stabilized inverse operator
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Motivation: Unstable differential equation

Ds = w

Introduction of suitable boundary condition(s)

Problem: D�1
(integrator) is unstable on HD (Native space)

(see Theorem XXX, RKHS notes)

=

Z
x

0
w(⌧)d⌧

Ds = w s.t. h�1, si = s(0) = 0

) s(x) = D�1{w}(x) = (u ⇤ w)(x) =
Z

x

�1
w(⌧)d⌧ ???

Solution: s(x) = D�1
�1

{w}(x) =
Z

R
g�1(x, y)w(y)dy

Schwartz kernel (generalized impulse response) of inverse operator :

g�1(x, y) = ⇢D(x� y)� p1(x)q1(y)

with q1(y) = h�1, ⇢D(·� y)i = ⇢D(�y)



Synthesis of (non-uniform) splines
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Take w to be a series of Dirac impulses (innovation):

w =
X

k

ak�(·� xk)

Formal solution of differential equation

Ds = w s.t. h�1, si = s(0) = b1

Solution: s(x) = b1 +D�1
�1

{w}(x) = b1 +

Z

R
g

�1(x, y)w(y)dy = b1 +

Z
x

0
w(⌧)d⌧

) s(x) = b1 +
X

k

aku(x� xk)

(simplifiying assumption xk > 0)

a1

xb1

Synthesis of Gaussian process
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Ds = w s.t. h�1, si = s(0) = 0

Take w to be a Gaussian white noise process

Solution of stochastic differential equation

Solution: s(x) = D�1
�1

{w}(x) =
Z

R
g

�1(x, y)w(y)dy =

Z
x

0
w(⌧)d⌧

fBm; H = 0.50

Yields Brownian motion (Wiener in 1923)



Autocorrelation / reproducing kernel
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Autocorrelation function

as(x, y) = E{s(x)s(y)} = E
�
D�1

�1
{w}(x)D�1

�1
{w}(y)

 

Brownian motion: s = D�1
�1

{w} where w is a white Gaussian noise

Functional equivalence

as : R⇥ R ! R is the reproducing kernel of the Hilbert space (RKHS)

HD,�1 =
�
f 2 HD : h�1, fi = 0

 

= {f = D�1
�1

w : w 2 L2(R)}

) as(x, y) = hD(x, y) =
1
2

�
|x|+ |y|� |x� y|

�

with �1 = �

L2 representer theorem
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(P2) arg min
f2HD

 
MX

m=1

|ym � f(xm)|2 + �kDfk2L2

!
Variational interpolation problem (smoothing splines)

(Schölkopf-Smola 2001)

Convex loss function: F : RM ⇥ RM ! R Sample values: f =
�
f(x1), . . . , f(xM )

�

(P2’) argmin
f2H

�
F (y,f) + �kDfk2L2

�

Supports the theory of SVM, kernel methods, etc.

(Schoenberg 1964, Kimeldorf-Wahba 1971)

 ’
Representer theorem (theory of RKHS)
The generic parametric form of the solution of (P2 ) is

f(x) = b1 +
MX

m=1

am|x� xm|

Green’s function of D⇤D = �D2
: ⇢D⇤D(x) = F�1

⇢
1

!

2

�
(x) = � 1

2 |x|



Other examples of operators
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See chapters 5 and 6
One-dimensional operators

- Pure derivatives: Dm F ! (j!)n

- Ordinary differential operators: L = P↵ = P↵1 · · ·P↵N

with ↵ = (↵1, . . . ,↵N ) 2 CN and P↵n = D� ↵nId

Multi-dimensional operators

- Fractional Laplacian: (��)
�
2

F ! k!k�

- Fractional derivatives: @�
⌧

F ! (j!)
�
2 +⌧ (�j!)

�
2 �⌧

- Separable operators: L̂(!1, . . . ,!d) =
Qd

i=1 P̂↵(!i)

L = (��)1/2
F ! k!k

Gaussian L = Dr1Dr2
F ! (j!1)(j!2)



19

Sparse encounters
(Anza-Borrego desert circa 1995)
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Derivative operator: Native space (BV)
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Total-variation regularization

Lebesgue space of integrable functions:

L1(R) = {f : R ! R s. t. kfkL1

M
=

Z

R
|f(x)|dx < 1}

Banach space equipped with norm: kfkD = kDfkM + |f(0)|2

M(R) as the weak extension of L1(R): w 2 L1(R) ) kwkM = kfkL1

MD(R) = {f : R ! R s. t. kDfkM < 1}

L1(R) ✓ M(R); �(·� x0) /2 L1(R), while �(·� x0) 2 M(R) with k�(·� x0)kM = 1

Space of signed and bounded Borel measures:

M(R) =
�
w : kwkM

M
= sup

k'k11
hw,'i < 1

 

TV representer theorem
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Convex loss function: F : RM ⇥ RM ! R

(P1) arg min
f2MD

 
MX

m=1

|ym � h⌫m, fi|2 + �kDfkM

!
General linear inverse problem with TV regularization

(Unser-Fageot-ward, SIAM Review, 2017)

Representer theorem for total variation regularization

The extreme points of (P1 ) are necessarily non-uniform splines of the form

f(x) = b1 +
KX

k=1

aku(x� xk) with K < M data-depend knots (xk).

 ’

Linear measurement operator ⌫ : MD ! RM

s 7! ⌫(s) = (h⌫1, si, . . . , h⌫M , si)

(P1’) arg min
f2MD

(F (y,⌫(f)) + �kDfkM)



Synthesis of Sparse process
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Ds = w s.t. h�1, si = s(0) = 0

Solution of stochastic differential equation

Solution: s(x) = D�1
�1

{w}(x) =
Z

R
g

�1(x, y)w(y)dy =

Z
x

0
w(⌧)d⌧

Take w to be a white noise Lévy noise

0.0 0.2 0.4 0.6 0.8 1.0

0 0

0.0 0.2 0.4 0.6 0.8 1.0
0 0

0.0 0.2 0.4 0.6 0.8 1.0

0 0

Compound Poisson

Brownian motion

Integrator

Gaussian 

Impulsive Z t

0
d⌧

Lévy flight

s(t)w(t)

White noise (innovation) Lévy process

S↵S (Cauchy)

Non-Gaussian generalization of Wiener process

Non-stationary

Self-similar: “1/!” spectral decay

Independent increments

u[k] = s(k)� s(k � 1): i.i.d. infinitely divisible (heavy tailed)

Lévy processes

24

Constructed by Paul Lévy in the 1930’s

Poisson; H = 0.50

s(x)

Example: compound Poisson process (piecewise-constant, with random jumps)

�  Archetype of a “sparse” random signal
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Gaussian Sparse

Fourier analysis Wavelet analysis

Norbert Wiener Paul Lévy

vs.

Isaac Schoenberg

Splines


